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A STRONG ABHYANKAR-MOH THEOREM
AND CRITERION OF EMBEDDED LINE
Yansong Xu
Abstract. The condition of plane polynomial curve to be a line in well-known
Abhyankar-Moh Theorem is replaced by weaker ones. A criterion of embedded line
is obtained from this strong theorem: Two polynomials can generate the entire poly-
nomial ring iff their derivatives can be generated.
1. Introduction
Famous Abhyankar-Moh Theorem [1][2] states that for a field k of characteristic
zero, if f(z) and g(z) are polynomials and the polynomial ring k[f(z), g(z)] = k[z],
then either deg f(z) divides deg g(z) or deg g(z) divides deg f(z). But to require the
considered polynomial curve to be a line at beginning is too strong and limits the
applications of the Theorem. We find that as long as deg f(z)− c and deg g(z)− c
are in the degree semigroup of polynomial ring k[f(z), g(z)], where positive integer
c ≤ min(deg f(z), deg g(z)), we have either deg f(z) divides deg g(z) or deg g(z)
divides deg f(z). Therefore we call it Strong Abhyankar-Moh Theorem. Using this
strong theorem, we get a criterion for a polynomial plane curve to be an embedded
line.
2. Planar Semigroups
Following [5], we first define characteristic δ-sequence and planar semigroup.
Definition 2.1. Let δ = (δ0, δ1, · · · , δh) (h ≥ 1) be a sequence of h + 1 natural
numbers. And let dk = gcd(δ0, δ1, · · · , δk−1) (1 ≤ k ≤ h + 1). Then δ is called a
characteristic δ-sequence and the semigroup Γ = Γ(δ) is called a planar semigroup
if the following conditions are satisfied:
(1) d1 ≥ d2 > d3 > · · · > dh > dh+1 = 1,
(2) δk
dk
dk+1
∈ Γ(δ0, δ1, · · · , δk−1) (1 ≤ k ≤ h),
(3) δk < δk−1
dk−1
dk
(2 ≤ k ≤ h).
The following concept of standard expansion is also from [5].
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Definition 2.2. Let δ = (δ0, δ1, · · · , δh) (h ≥ 1) be a characteristic δ-sequence and
let s be an integer. If
(2.2.1) s = a0δ0 + a1δ1 + · · ·+ ahδh where 0 ≤ ai < di/di+1 (1 ≤ i ≤ h)
then we say that s has standard expansion with respect to δ.
The following properties of characteristic δ-sequence are well-known:
Lemma 2.3 ([5]). Let δ = (δ0, δ1, · · · , δh) (h ≥ 1) be a characteristic δ-sequence.
Then for any integer s, there is unique standard expansion (2.2.1). Moreover,
(1) s ∈ Γ(δ) iff a0 ≥ 0.
(2) If di|s, then aj = 0 for i ≤ j ≤ h.
We consider standard expansions of two integers and generalize (2) of above
Lemma 2.3.
Proposition 2.4. Let δ = (δ0, δ1, · · · , δh) (h ≥ 1) be a characteristic δ-sequence.
(1) Let s1 and s2 be two integers with standard expansions
(2.4.1) sk = ak0δ0 + ak1δ1 + · · ·+ akhδh where 0 ≤ aki < di/di+1 (1 ≤ i ≤ h)
for k = 1, 2. Then we have that
(2.4.2) di|(s1 − s2) ⇐⇒ a1j = a2j for i ≤ j ≤ h
(2) If there exists positive integer c ≤ min(δ0, δ1) such that δ0 − c ∈ Γ(δ) and
δ1 − c ∈ Γ(δ), then we have either δ0|δ1 or δ1|δ0.
Proof. (1) =⇒ Since dh|di, we have
(2.4.3) s1 − s2 = (a10 − a20)δ0 + (a11 − a21)δ1 + · · ·+ (a1h− a2h)δh ≡ 0 mod dh
As we have that
(a10 − a20)δ0 + (a11 − a21)δ1 + · · ·+ (a1,h−1 − a2,h−1)δh−1 ≡ 0 mod dh
(dh/dh+1, δh/dh+1) = 1
and
|a1h − a2h| < dh/dh+1
we conclude
a1h = a2h
from (2.4.3). Similarly we can prove that
a1,h−1 = a2,h−1, · · · , a1i = a2i.
⇐= Trivial.
(2) We let s1 = δ0−c and s2 = δ1−c in (1). As s1−s2 = (δ0−c)−(δ1−c) = δ0−δ1
is divisible by d2, we have
a1i = a2i (2 ≤ i ≤ h)
from (1). Without loss of generality, we suppose δ0 < δ1. As c > 0, it is easy to see
that a10 = 0, a11 = 0 and a21 = 0. Therefore we have
δ0 − δ1 = s1 − s2 = 0− a20δ0
This proves δ0|δ1 
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3. Polynomial Curves
We use results of planar semigroups to study polynomial curves.
Theorem 3.1 (Strong Abhyankar-Moh Theorem). Let k be a field of charac-
teristic zero and F (f, g) be a plane curve which is defined by polynomials f(z) and
g(z), here z can be an unfaithful parameter. Let m and n be the degrees of f(z) and
g(z) respectively. Assume that there is an integer c > 0 such that c ≤ min(m,n)
and there are polynomials u(z) and v(z) in polynomial ring k[f(z), g(z)] such that
deg u(z) = m− c and deg v(z) = n − c, then we have that either m divides n or n
divides m.
Proof. First we reduce to faithful parameter case. In fact, if z is not a faithful
parameter, from [3, Theorem 3.3.], there exits p = p(z) ∈ k[z] and f˜ , g˜ ∈ k[z]
such that f(z) = f˜(p(z)) , g(z) = g˜(p(z)) and p is a faithful parameter. We note
that u(z) ∈ k[f(z), g(z)] = k[f˜(p(z)), g˜(p(z))] if and only if there exists u˜(p) ∈
k[f˜(p), g˜(p)] such that u(z) = u˜(p(z)) . We also note that deg u(z) = m− c if and
only if degpu˜(p) =
m
deg p(z) −
c
deg p(z) . Therefore we only need to handle faithful
parameter case.
From Abhyankar-Moh semigroup theory ([1][2][4][5]), the degree semigroup Γ(F )
is generated by a δ-sequence (δ0, · · · , δh) with δ0 = m and δ1 = n. Our theorem is
a corollary of (2) of Proposition 2.4. 
Example 3.2. Let f(z) = z3 and g(z) = z6+z2. The plane curve (f(z), g(z)) is not
an embedded line and we cannot apply Abhyankar-Moh Theorem. Let u(z) = z2
and v(z) = z5. As u(z), v(z) ∈ k[f(z), g(z)], we can apply Theorem 3.1. Therefore
Theorem 3.1 is strictly stronger than Abhyankar-Moh Theorem.
Theorem 3.3 (Criterion of Embedded Line). Let k be a field of characteristic
zero and f(z) and g(z) be polynomials. Then k[f(z), g(z)] = k[z] if and only if
k[f(z), g(z)] 6= k and f ′(z) and g′(z) are in the polynomial ring k[f(z), g(z)].
Proof. =⇒ Trivial.
⇐= There are two cases.
Case 1: f(z) or g(z) is in the field k, say f(z) ∈ k and g(z) /∈ k. As g′(z) ∈
k[f(z), g(z)] = k[g(z)], g(z) is linear in z, therefore k[f(z), g(z)] = k[z].
Case 2: Both f(z) and g(z) are not in k. As deg f ′(z) = deg f(z) − 1 and
deg g′(z) = deg g(z) − 1 , we can apply Theorem 3.1 to get the conclusion that
either deg f(z) divides deg g(z) or deg g(z) divides deg f(z). We induct on the sum
of deg f(z) and deg g(z). Let us say deg f(z) ≥ deg g(z). From Theorem 3.1, we can
write deg f(z) = l deg g(z), here l is a positive integer. Let a and b be the leading
coefficients of f(z) and g(z) respectively. We define f1(z) = f(z)− a(b
−1g(z))l and
g1(z) = g(z). It is obvious that either f1(z) = 0 or deg f1(z) < deg f(z). It is
easy to verify that we still have that f1(z) is in the polynomial ring k[f(z), g(z)] =
k[f1(z), g1(z)]. We can continue to apply Theorem 3.1. This process must finish in
finite steps, say n, and, say fn(z) ∈ k and gn(z) ∈ k[f(z), g(z)] = k[fn(z), gn(z)] =
k[gn(z)]. We reduce to case 1, which is proved. 
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Using the Criterion of Embedded Line, we can give a new equivalence of plane
Jacobian Conjecture.
Corollary 3.4. Plane Jacobian Conjecture is equivalent to the following:
Let k be a field of characteristic zero and f(x, y) and g(x, y) be polynomials over
k with degx,y f(x, y) = degy f(x, y). Assume that fxgy − fygx ∈ k
∗, then fy(x, y)
and gy(x, y) are in polynomial ring k(x)[f(x, y), g(x, y)].
Proof. It is well known that Jacobian Conjecture is equivalent to deg f | deg g or
deg g| deg f if fxgy − fygx ∈ k
∗ [4]. The corollary is validated by the Criteria of
Embedded Line immediately. 
Acknowledgment
The author thanks the reviewer for the suggestion to use standard expansion
and its properties, which are summarized in Lemma 2.3, to simplify the proof of
Theorem 3.1 from the previous version.
References
1. S.S. Abhyankar, On the Semiproup of a Meromorphic Curve (1977), Intl. Sysmp. on Algebraic
Geometry, Kyoto, 249–414.
2. S.S. Abhyankar and T. T. Moh, Embeddings of the line in the plane, J. Reine Angew. Math.
276 (1975), 148–166.
3. M.El Kahoui, D-Resultant and Subresultants, Proc. Amer. Math. Soc. 133(8) (2005), 2193–
2199.
4. T.T. Moh, On the Jacobian Conjecture and the Configurations of Roots, J. Reine Angew.
Math. 340 (1983), 140–212.
5. A. Sathaye and J. Stenerson, Plane Polynomial Curves, Algebraic Geometry and its Applica-
tions (C.L Bajaj, ed), Springer-Verlag, New York-Berlin-Heidelberg, 1994, pp. 121–142.
E-mail address: yansong xu@yahoo.com
